Lithium-ion batteries are the main form of energy providers for electric vehicles. To ensure the reliability and the safety of electric vehicles, it is necessary to estimate the remaining useful life of lithium-ion batteries. Aiming at the strong nonlinear characteristics prevalent in the battery degradation process, this paper proposes a new method for predicting the remaining useful life of lithium-ion batteries based on stochastic model. A new nonlinear degradation model is established based on the diffusion process to characterize the degradation process in the lithium-ion batteries. The battery lifetime and the remaining useful life at any inspection cycle are defined based on the concept of the first hitting time, and the probability density functions of battery lifetime and remaining useful life are derived. Finally, the unknown parameters of the model are estimated by using the maximum likelihood estimation method and the historical data of battery degradation. Remaining useful life prediction experiments are performed based on two published data sets. The experimental results verify with the reliability and accuracy of the proposed method.
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the degradation of the battery capacity at time t k . Z (l k ) a stochastic process X the observed total N battery capacity deterioration data. X n the observed nth group battery capacity deterioration data. α 1 , α 2 , β 1 , β 2 Pollution and energy deficiency are two major problems that automotive industry is facing. With rapid growth the number of automobiles, the impact of traditional fuel vehicles on the environment and dependence on petroleum resources become more and more serious. Electric vehicles are widely recognized in the automotive industry for their performance and efficiency improvements and their contribution to address environmental issues such as greenhouse gas emissions and global warming [1] . In viewing the advantages of light weight, high energy density, low self-discharge, high cycle life and no memory effect, lithium-ion batteries have become the most promising and competitive energy storage devices for the electric vehicles [2] . However, as the number of charge and discharge increases, the performance of the lithium-ion battery deteriorates due to corrosion of the electrode material, aging of the diaphragm, high temperature, improper use, or poor external environment condition. Eventually, failure may occur and result in incalculable economic losses, significant casualties and environmental damage. In order to improve the reliability, the safety of electric vehicles, and reduce the risk of failure events, the Battery Management System (BMS) is designed to provide drivers with accurate and immediate information about battery status [3] , [4] . The remaining useful life (RUL) is the most important parameter for evaluating the current health status of lithium-ion batteries in BMS, which has received extensive attention in industry and academia in recent years. In the existing approaches for predicting the RUL of lithium-ion batteries, the data-driven approach depends only on historical data and degradation information of battery. This method can construct a degradation model without considering the physical mechanism of battery degradation and complex electrochemical knowledge to accurately predict the RUL of battery. Therefore, the data-driven approach has gradually become the mainstream method for predicting the RUL of lithium-ion batteries [5] , [6] . Given the powerful learning and data mining capabilities, the artificial intelligence-based approach has become one of the most active data-driven approaches in recent years [7] , [8] . Wang et al. [9] proposed a RUL prediction method for lithium-ion battery consisting of relevance vector machines (RVM) algorithm and capacity degradation model. RVM selects the significant training vector to improve prediction performance. Three conditional capacity degradation models are then constructed to fit the predicted values of the correlation vectors. The method is verified by three case studies and finally obtains acceptable prediction results. Patil et al. [10] proposed a multistage support vector machine method. Combining the classification model and the regression model, an effective RUL estimation algorithm was developed, which can obtain the results at varying operating conditions with sufficient accuracy. Heimes [11] presented an approach that utilized an advanced recurrent neural network architecture to estimate the RUL of the system. The recurrent neural network was trained with back-propagation through time gradient calculations, an extended kalman filter (EKF) training method, and evolutionary algorithms to generate an accurate and compact algorithm. Benkedjouh et al. [12] presented a prognostic method based on a nonlinear feature reduction and support vector regression. The method belongs to data-driven prognostics and the application was on bearings' degradations. In addition, the RUL prediction method based on filtering technology has also been studied. Zheng and Fang [13] developed a unscented kalman filter (UKF) algorithm with a nonlinear time series prediction models and established a new RUL prediction method. The state of the battery model is recursively updated by UKF and short-term capacity. This model has higher accuracy and reliability than EKF. Miao et al. [14] proposed a degradation model based on unscented particle filter (UPF) to predict the RUL of lithium-ion batteries. The proposed model has better accuracy than the particle filter (PF). However, all the above methods based on artificial intelligence and filtering technology obtain point estimation or average estimation of the RUL, which cannot provide the probability density function (PDF) of battery RUL. In practical applications, the results of lithium-ion battery degradation modeling and RUL prediction serve the relevant decision-making optimization in BMS, and the objective function of these decision-making problems generally requires a PDF of the RUL of the battery because the PDF contains not only the information of the average RUL but also the uncertainty of the estimation results [15] , [16] .
In fact, the degradation process of lithium-ion batteries is an essentially indeterminate stochastic process due to the uncertainties in the operating conditions and the differences between different types of batteries. The stochastic model is well able to capture the randomness of battery degradation while taking the time dependence of the battery degradation process into account. In addition, the degradation model and RUL prediction of lithium-ion batteries based on stochastic model can describe the uncertainty of prediction results, which has attracted the attention of many researchers [17] . Li and Xu [18] proposed a new prognostics method for state of health estimation of lithium-ion batteries based on a mixture of Gaussian process models and PF, which fuses the training data from different battery conditions as the multiple inputs for the distribution learning using the MGP model. Then the distribution information of the degradation model parameters and particle filter PF are used to predict the state of health of the battery. Experiments and comparison analysis verify the effectiveness of the proposed method. However, the PDF for the closed-form of the battery RUL still not obtained by this method. Feng et al. [19] proposed a RUL prediction method for vehicle lithium-ion battery based on the damage-marker bivariate degradation model. This method models the degradation process using a two-dimensional Wiener process to obtain the RUL distribution, also, using method of maximum likelihood for population parameters' estimation. Bayesian methods are used to update the estimators of parameters with online data. The validity of the model is verified by using the public data set. Jin et al. [20] proposed a Bayesian framework for online degradation assessment and RUL prediction of spacecraft lithium-ion batteries, using Wiener process to characterize battery capacity degradation. The maximum likelihood estimation and the observed capacity data are used to identify the model's parameters, and the PF technique is used to update the posterior degradation model online. Finally, the effectiveness of the method is illustrated by an example. Tang et al. [21] developed a new RUL prediction method based on Wiener's process with measurement error, and this method derived a precise closed-form RUL distribution. Then, maximum likelihood estimation is used to improve the estimation efficiency of the parameters. Various studies were used to verify the validity of the model. The above methods based on the Wiener process assume that the lithium-ion battery degradation process is linear, ignoring the strong nonlinearity of lithium-ion battery degradation.
Si et al. [22] presented a non-linear model to estimate the RUL of a system based on monitored degradation signals. [23] presented a probabilistic method. A stochastic process (Wiener process) combined with a data analysis method (Principal Component Analysis) was proposed to model the deterioration of the components and to estimate the RUL on a case study. However, the closed form of RUL probability density function has not been obtained by this method.
In fact, the degradation process of lithium-ion batteries is affected by various complicated factors. These factors may come from internal degradation, structural changes and chemical reactions, such as aging of anode and cathode materials, the aging of diaphragm and electrolyte, and the overcharging reaction of anode and cathode electrodes, etc. They may also come from external conditions such as temperature various and discharge rate alter, etc. For instance, Wang et al. [24] found that the maximum releasable capacity at 5C is only 0.92 Ah, which is less than those at the lower discharge rates, especially 0.5C. Thus, the deliverable usable capacity is reduced if the battery is discharged at a very high rate. Therefore, at the constant temperature, the higher the discharge rate, the faster the battery capacity degradation and the less available capacity. In addition, the degradation rate of lithium-ion batteries is greatly affected by ambient temperature. The capacity decay increases with increasing temperature and the increase of temperature accelerate the aging process. For instance, as the operating temperature of lithium-ion batteries changes from 25 to 55 • C, the degradation rate of maximum charge storage after 260 cycles is found to increase from 4.22% to 13.24%. At the component level, for the same change in the operating temperature, the degradation rate of the Warburg element resistance after 260 cycles increases from 49.40% and 584.07% which is the highest change; and that for the cell impedance ranks second, increasing from 33.64% to 93.29%. As for the charge transfer rate, the change in its degradation rate decreases from 68.64% to 56.19% [25] [26] [27] . Over-charge and over-discharge can also affect battery degradation, and frequent over-discharge accelerates the aging process of the battery [28] . Therefore, under the dynamic environment of various internal and external factors, the capacity degradation path of lithium-ion batteries is non-monotonic and strongly nonlinear. In order to accurately estimate the RUL of lithium-ion batteries and improve the safety and reliability of electric vehicles in dynamic environment, the non-linear characteristics of capacity degradation of lithium-ion batteries must be considered.
Aiming at the strong nonlinear characteristics of lithium-ion battery degradation process in dynamic environment, this paper proposes a new stochastic model based battery RUL prediction method. Firstly, a new nonlinear stochastic degradation model is established based on the diffusion process to model the lithium-ion battery degradation process. Then, based on the concept of the first hitting time (FHT) the battery life and the RUL at any inspection cycle are defined. The PDFs of the battery life and the RUL are derived, and the precise closed-form RUL distribution of lithium batteries is obtained. Further, the model parameters are identified by using the maximum likelihood estimation and the observed historical data of the battery degradation. Finally, experiments are carried out on two different open datasets. The proposed model is compared with the linear model based on Wiener process and two other nonlinear models. The experimental results verify the effectiveness and accuracy of the proposed method. The remainder of this paper is organized as follows: Section 2 details the methods proposed in this paper; Section 3 is the parameter estimation part; Section 4 is the experimental verification part; and finally the summary of this paper is placed in Section 5.
II. DEGRADATION MODEL AND PREDICTION METHOD
Lithium-ion battery performance degradation is mainly manifested by loss of capacity and increase in impedance, which is caused by side reactions, decomposition of electrolytes, selfdischarge, and degradation of current collectors [29] . Among them, the side reaction is the main reason for battery capacity attenuation and impedance increase. Some side reactions are not completely reversible and will result in a permanent decline in battery performance [27] , [30] . During the degeneration of the lithium-ion battery, at the negative electrode, the growth of the SEI film causes the battery impedance to increase and irreversible lithium loss occurs, so the capacity is attenuated. At the positive electrode, the channels of the active particles are blocked by the precipitate, resulting in increased impedance, reduced active material and reduced capacity [31] , [32] . The diffusion process is a nonlinear stochastic process driven by Brownian Motion (BM), which is generally used for nonlinear degradation process modeling. Therefore, this paper uses capacity as a health indicator to characterize the degradation of lithium-ion batteries and uses the diffusion process to characterize the process of lithium-ion battery capacity degradation. Let the stochastic process {X (t), t ≥ 0} denote the degradation process of lithium-ion battery capacity with the number of chargedischarge cycles, and X (t) denote the capacity degradation of lithium-ion battery at time t, and
where the degradation process X (t) is driven by the standard BM {B(t), t ≥ 0} · µ(t; θ) = α 1 e β 1 t + α 2 e β 2 t is the nonlinear function of time t, which represents the drift coefficient of the lithium-ion battery capacity degradation process and at the same time characterizes the nonlinear characteristics of lithium-ion battery capacity degradation. α 1 , α 2 , β 1 , β 2 are parameters to be determined, and σ B is the diffusion coefficient of the lithium-ion battery capacity degradation process. Without loss of generality and considering the actual situation in the process of lithium-ion battery capacity degradation, this paper assumes X (0) = 0, that is, the degradation of the battery capacity at the initial time is assumed to be zero.
Considering that the battery capacity will undergo continuous degradation process and the RUL will gradually decrease with the increase of the number of battery charges and discharges, the battery life is defined as the FHT that the capacity degradation process {X (t), t ≥ 0} exceeds the pre-set battery failure threshold ω based on the established capacity degradation model [33] , [34] . That is to say, when the degradation X (t) of battery capacity reaches the pre-set failure threshold ω for the first time, the lithium-ion battery is considered to be in failure, and the RUL of the battery is 0. The threshold ω is generally determined by some industrial standards. Therefore, using the concept of the FHT of stochastic process, the lifetime of lithium-ion battery can be defined as
Let X(t k ) denote the degradation of the battery capacity at the current time t k , then the RUL of the lithium-ion battery at the current time t k can be defined as
From the above definition, as long as the PDFs of T and L k are obtained respectively, the lithium-ion battery life and the RUL at the current time t k can be accurately predicted. In this paper, the PDFs s of battery life and RUL are denoted as f T (t) and f L k (l k ), respectively. In order to determine the PDF of the battery life T , the following assumption are given first:
Assumption 1 [22] : If the stochastic degradation process {X (t), t ≥ 0} hits a constant threshold at a certain time t, the possibility of the stochastic process crossing the threshold before the time t is negligible.
Using the time-space transformation theory proposed in [35] , the FHT distribution of the nonlinear diffusion process crossing a certain constant threshold is equal to the FHT distribution of the standard BM process crossing a certain time-varying boundary. That is, there is the following theorem 1:
Theorem 1 [22] : For a general diffusion process, given model parameters and assumption 1, the PDF of the FHT of {X (t), t ≥ 0} crossing the failure threshold ω can be expressed as
where θ is the model parameter. µ(t; θ ) is the drift coefficient of the diffusion process, which is a continuous nonlinear function of time t at [0, ∞). σ B is the diffusion coefficient of the diffusion process and
. Therefore, based on Assumption 1 and Theorem 1, the PDF of the FHT of the lithium-ion battery capacity degradation process denoted by (1) crossing the failure threshold ω, that is, the PDF of the lifetime T of the lithium-ion battery defined by (2) is
Let x k = X (t k ) denote the degradation of the battery capacity at time t k . For t ≥ t k , given x k , using the Markov property of the standard BM process and the (1), the battery capacity degradation trajectory from time t k can be expressed as: (6) In this case, if t is the time of hitting firstly the failure threshold of the battery capacity degradation process {X (t), t ≥ 0}, the difference t −t k corresponds to the realization of the RUL of the lithium-ion battery at time t k . For (6), a time-scale transformation is used, that is, let l k = t − t k , (l k ≥ 0). Then, at the time scale l k , the degradation process {X (t), t ≥ 0} of battery capacity can be represented by:
− e β 2 t k + σ B B (l k ) , l k ≥ 0 (7) Therefore, the RUL of the battery at time t k is equal to the time when the stochastic process {z (l k ) , l k ≥ 0} hits the threshold ω k = ω − x k for the first time, where
Therefore, using Assumption 1 and Theorem 1, based on the definition of the RUL of the battery in (3) and (8), the probability density function of the RUL L k of the battery at the current time t k can be represented by
where
It should be noted that the unknown parameters α 1 , α 2 , β 1 , β 2 , σ B are also included in the (5) and (9) . The capacity degradation data of lithium-ion batteries are known from the beginning to the current time. Using maximum likelihood estimation to estimate the unknown parameters of the model can recursively update the parameter estimates after the acquisition of new observation data. Moreover, the maximum likelihood estimation is more direct and less computational complexity than other parameter estimation algorithms. Therefore, in order to accurately predict lithium-ion battery life and RUL, this paper uses the observed battery capacity degradation data to estimate the unknown model parameters by maximum likelihood estimation.
III. PARAMETER ESTIMATION
For convenience of description, the parameter vector to be estimated is represented as = (α 1 , α 2 , β 1 , β 2 , σ B ) , where (·) represents vector transposition. The specific implementation process of the maximum likelihood estimation method is as follows.
Suppose there are N batteries, each of which measures a set of capacity degradation data, and the n th group of data is measured at times t n,1 , t n,2 , t n,3 , · · · , t n,M n respectively, where M n represents the number of data of the n th group of capacity degradation data, and n = 1, 2, · · · , N . Therefore, it is known from (1) that the degradation of battery capacity of the n th group of data measured at the j th time t n,j can be represented by X n t n,j = α 1 e β 1 t n,j + α 2 e β 2 t n,j − α 1 − α 2 +σ B B t n,j
where j = 1, 2, 3, · · · , M n . To simplify the symbol, let ϕ n t n,j = α 1 e β 1 t n,j + α 2 e β 2 t n,j − α 1 − α 2 , ϕ n = ϕ n t n,1 , ϕ n t n,2 , · · · , ϕ n t n,M n . X n = X n t n,1 , X n t n,2 , · · · , X n t n,M n represents the observed n th battery capacity degradation data, and X = {X 1 , X 2 , X 3 , · · · , X n } represents the observed total N battery capacity deterioration data. According to (10) and the independent increment properties of the standard BM process {B(t), t ≥ 0}, X n obeys a multidimensional normal distribution, and its expectation and covariance matrices are as follows µ n = ϕ n ε n = σ 2 B Q n (11) where Q n =      t n,1 t n,1 · · · t n,1 t n,1 t n,2 · · · t n,2 . . . . . . . . .
Since the capacity degradation processes of different batteries are independent of each other, the log likelihood function of the parameter vector = (α 1 , α 2 , β 1 , β 2 , σ B ) based on all observed battery capacity degradation data X can be represented by
The maximum likelihood estimates of parameters (α 1 , α 2 , β 1 , β 2 , σ B ) can be obtained by maximizing (13) , which will be obtained by multidimensional search in Matlab
IV. EXPERIMENTAL VERIFICATION
In order to verify the effectiveness and accuracy of the proposed method in Section 2, two different published lithium-ion battery capacity degradation data sets are used for experimental verification, that is, the NASA data set [36] and the CALCE data set [9] , [37] . In addition, three evaluation indicators are first defined to facilitate the comparison of the goodness of fitting of different degradation models to the battery capacity degradation data and the accuracy of the prediction results of the battery RUL at each inspection cycle. The first evaluation indicator is the Akaike Information Criterion (AIC), which is used to compare the goodness of fitting of the model to the battery capacity degradation data. Specifically it is calculated by:
where max is the maximum log likelihood function value in (13) , and p is the total number of model parameters.
AIC is mainly used for model selection in statistics and engineering practice to prevent over-parameterization and achieve a balance between model complexity and fitting accuracy. The smaller the value of AIC, the better the goodness of fitting of the degradation model to the battery capacity degradation data, and the better the model performance. The remaining two evaluation indicators are the absolute error and relative error of the prediction results of the RUL of lithium-ion batteries at each inspection cycle, which are defined as follows: 
where L k represents the actual RUL of the battery at inspection cycle k, and L pk represents the predictive value of the RUL of the battery at inspection cycle k.The smaller the values of AE and RE, the higher the prediction accuracy of the RUL at the inspection cycle k.
A. NASA DATA SET
The NASA data set is from the National Aeronautics and Space Administration (NASA) Ames Prognostics Center of Excellence, which includes three sets of battery capacity degradation data obtained after three different lithium-ion batteries (#5, #6, #7) were charged and discharged. The rated capacity of the three batteries is 2Ah.The test is performed at room temperature. Charging is performed in the constant current mode of 1.5A until the lithium-ion battery voltage reaches 4.2V, and then charging continues in the constant voltage mode until the charging current drops to 20mA. The discharge is performed at the constant current level of 2A until the battery voltages of the lithium-ion batteries #5, #6, #7 are reduced to 2.7V, 2.5V and 2.2V, respectively. Figure 1 shows the capacity degradation curves for three batteries. In Figure 1 , Capacity degradation represents the amount of degradation of the battery capacity with respect to the rated capacity, which is equal to the rated capacity value minus the current time capacity value. As can be seen from the figure, the capacity degradation process of the three lithium-ion batteries has an approximate linear characteristic. In order to demonstrate the effectiveness of the proposed method, the method based on nonlinear stochastic model proposed in this paper is compared with the method based on traditional linear Wiener process proposed in [38] , and they are respectively recorded as M 1 and M 0 . Similar to the literature [39] , the failure threshold of the lithium-ion battery is set to 0.6Ah, that is, when the degradation of the lithium-ion battery capacity reaches 30% of the rated capacity, the battery is considered to be in failure. Further, model parameter identification is performed by using the method proposed in Section 3 based on the capacity degradation data of the batteries #5 and #6, and the RUL prediction experiment is performed on the battery #7. The estimated model parameters are shown in Table 1 , where Log-LF is the log-likelihood function value obtained based on (13) , and the larger the value of Log-LF, the better the fitting effect of the model on the battery capacity degradation data. It can be seen from Table 1 that the value of the likelihood function of M 1 is larger than that of M 0 , indicating that the model proposed in this paper has a better fitting effect on the data. The AIC of M 1 is slightly larger than M 0 , which is caused by the approximate linear characteristics of the capacity degradation process of batteries #5 and #6.
Based on the estimated model parameters and (9), the RUL prediction of the battery #7 is performed at a series of randomly selected inspection cycles. The absolute errors and relative errors of the prediction results, actual and predictive values of the RUL of the lithium-ion battery at different inspection cycles are shown in Table 2 , and the bar graph of the relative errors is shown in Figure 2 . It can be seen from the prediction results in Table 2 and Figure 2 that the relative error and absolute error of the predicted values of M 1 at each inspection cycle are less than M 0 , and M 1 has a higher prediction accuracy than M 0 , thus verifying the accuracy of the proposed method. Figure 3 and Figure 4 show the PDF curves of the RUL for M 0 and M 1 at different inspection cycles. It can be seen from Figure 3 and Figure 4 that the PDF curves of the RUL of the lithium-ion batteries obtained by M 0 and M 1 are not much different. Therefore, through the above results analysis, it can be known that when the capacity degradation process of lithium-ion battery has linear characteristics, the proposed method can still predict the RUL of lithium-ion battery more accurately, thus verifying the effectiveness of the proposed method. 
B. CALCE DATA SET
The CALCE dataset is from the Center for Advanced Life Cycle Engineering (CALCE) of University of Maryland, which consists of four lithium-ion batteries of the same type produced by the same manufacturer, namely A3, A5, A8, and A12. It is known from the electron dispersion spectrum that the positive electrode material of the battery is lithium cobalt oxide, and the negative electrode material is graphite carbon. Arbin BT2000 battery test system was used to test the battery charge-discharge cycle at room temperature. The rated capacity of the battery is 0.9Ah, and the constant discharge current is 0.45A. First, the battery is subjected to constant current charging at a current of 0.45A until the battery voltage reaches 4.2V, and then the charging is continued in the constant voltage mode until the charging current drops below 0.05A. Figure 5 shows the capacity degradation curves of the four batteries obtained after multiple charge and discharge experiments. As can be seen from Figure 5 , the capacity degradation process of the four batteries of the CALCE data set has very significant nonlinear characteristics.
Three different stochastic degradation models are proposed in [38] . The method based on the traditional linear Wiener process is denoted as M 0 , and the methods are denoted as M 2 and M 3 respectively when µ(t; θ) is in power function form and single exponential form in (1) . In addition, the method proposed in this paper is denoted as M 1 . The RUL prediction experiments of lithium-ion batteries are performed by using M 0 , M 1 , M 2 , M 3 respectively to demonstrate the effectiveness and accuracy of the proposed method when the capacity degradation process of batteries presents nonlinear characteristics, and M 1 is compared with M 0 , M 2 and M 3 respectively. Similar to the literature [39] , the failure threshold of the lithium-ion battery is set to 0.18Ah at this time, that is, the battery is considered to be in failure when the battery capacity degradation reaches 20% of the rated capacity. Further, the model parameter identification is performed by using the capacity degradation data of the batteries A3, A5, A8 and the maximum likelihood estimation method proposed in Section 3, and the RUL of the battery A4 is predicted by the method proposed in this paper. The model parameter estimation results are shown in Table 3 . As can be seen from Table 3 , the Log-LF value of M 1 is 469.4618, which is the largest of the four models. The AIC of M 1 is −928.9236, which is the smallest of the four models. This indicates that the proposed model in this paper has the best goodness of fitting to the battery capacity degradation data when the battery has obvious nonlinear characteristics.
Based on the estimated model parameters and (9), the RUL prediction experiments are performed on battery A12 at a series of randomly selected inspection cycles. Table 4 lists the predicted results of M 1 , M 0 , M 2 , and M 3 . The actual RULs, predictive RULs and the absolute errors and relative errors at each inspection cycle are shown in Table 4 . Figure 6 visually compares the relative errors of M 0 , M 1 , M 2 , and M 3 at each inspection cycle in the form of the bar graph. In Figure 6 , Green represents the relative error of the proposed method, and red is the relative error of the linear model. As can be seen from Table 4 and Figure 6 , the absolute error and relative error of M 1 are the smallest at each inspection cycle, and the absolute and relative error of M 0 are the largest. Figure 7-10 show the PDF curves for the RUL of the lithium-ion battery A12 obtained by using M 0 , M 1 , M 2 , and M 3 at each inspection cycle. The blue asterisk indicates the true battery RUL, and the red circle indicates the predictive RUL. Comparing Figure 7 -10, we can find that the difference between the predicted value and the real value of M 0 is the greatest at each inspection cycle, while the difference between the predicted value and the real value of M 2 and M 3 is smaller than that of M 0 , but also larger. The true value and the predicted value of M 1 are basically coincident with the smallest difference.
From the above analysis, it can be seen that when the degradation process of the lithium-ion battery shows obvious nonlinear characteristics, the method based on the linear model is used to predict the remaining useful life, and the final result has a large error. However, the method proposed in this paper can achieve good results and is obviously better than the general nonlinear model in terms of both the fitting degree of data and the final prediction results, thus verifying the effectiveness and accuracy of the method proposed.
C. FURTHER COMPARATIVE STUDY
In reference [21] , Tang et al. proposed a new RUL prediction method based on the Wiener process with measurement error, which achieved good prediction results on the public NASA dataset. In order to further investigate the feasibility and accuracy of the proposed method, the method proposed in this paper and the method proposed by Tang et al. are compared on the CALCE data set. The method proposed by Tang et al. is expressed as M 4 . As in the case of Part B, the failure threshold of the lithium ion battery is set to 0.18 Ah, that is, when the battery capacity degradation amount reaches 20% of the rated capacity, the battery is considered to be failure. Further, the model parameter identification is performed using the capacity degradation data of the batteries A3, A5, and A8 and the maximum likelihood estimation method proposed in Section 3, and the RUL prediction of the battery A12 is performed. Table 5 lists the true RUL, predictive RUL, absolute errors, and relative errors of the RUL for the two methods. Figure 12 visually compares the relative errors of the two methods. It can be seen from Table 5 and Figure 12 that the absolute and relative errors of the predicted results of M 1 are both smaller than M 4 . Figure 11 is a PDF graph obtained by performing a RUL prediction experiment on the battery A12 at a randomly selected inspection cycle, in which a blue asterisk indicates the true RUL and a red circle indicates the predicted RUL. Comparing Figure 8 and Figure 11 , it can be found that the difference between the true value and the predicted value of each inspection cycle for M 4 is large, and conversely, the difference between the predicted value and the true value of M 1 is small.
The comparative analysis of the above experimental results shows that the proposed method is significantly better than the method proposed by Tang et al. [21] in the prediction accuracy, which further verifies the accuracy and feasibility of the proposed method.
V. CONCLUSION
In this paper, a new method for predicting the RUL of lithium-ion batteries based on nonlinear stochastic degradation process is proposed. Considering the strong nonlinear characteristics of the lithium-ion battery degradation process, a nonlinear degradation model is established based on the diffusion process to characterize the battery degradation process. Then the closed-form probability density functions of the battery life and RUL are derived based on the definition of lithium-ion battery life and RUL at different inspection cycles. Finally, the model unknown parameters are estimated by using historical data of battery degradation and maximum likelihood estimation. This paper selects the published approximate linear NASA dataset and the nonlinear CALCE dataset for experiments to demonstrate the effectiveness and accuracy of the proposed method. The proposed model in this paper is compared with the linear model based on Wiener process and the other two nonlinear models. The experimental results show that the model proposed in this paper provides a good fitness effect on the data when the degradation process of the battery has linear characteristics, which shows this model is better than the general linear model in the accuracy of the prediction results. When the degradation process of the battery exhibits strong nonlinearity, the use of the Wiener-based method for the prediction of the RUL would produce large errors, and the prediction results would deviate significantly from the true value. The prediction results of the proposed method in this paper have the highest accuracy and robustness and are superior to the general nonlinear model. 
